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Abstract
We consider two functions φ and ψ, defined as follows. Let x, y ∈ (0, 1] and let A,B,C be disjoint
nonempty subsets of a graph G, where every vertex in A has at least x|B| neighbors in B, and every
vertex in B has at least y|C| neighbors in C. We denote by φ(x, y) the maximum z such that, in all
such graphs G, there is a vertex v ∈ C that is joined to at least z|A| vertices in A by two-edge paths.
If in addition we require that every vertex in B has at least x|A| neighbors in A, and every vertex
in C has at least y|B| neighbors in C, we denote by ψ(x, y) the maximum z such that, in all such
graphs G, there is a vertex v ∈ C that is joined to at least z|A| vertices in A by two-edge paths. In
their recent paper [1], M. Chudnovsky, P. Hompe, A. Scott, P. Seymour, and S. Spirkl introduced
these functions, proved some general results about them, and analyzed when they are greater than
or equal to 1/2, 2/3, and 1/3. Here, we extend their results by analyzing when they are greater than
or equal to 3/4, 2/5, and 3/5.
1 Introduction
The paper focuses on the functions φ and ψ introduced in [1]. We repeat the definitions and some
fundamental results here for completeness, but refer the reader to [1] for their proofs and a more
complete introduction to these functions. I should note that most of what follows for the rest of the
introduction is taken word-for-word from [1].
All graphs in this paper are finite, and have no loops or multiple edges. We denote the semi-open
interval {x : 0 < x ≤ 1} of real numbers by (0, 1]. Let x, y ∈ (0, 1]; and let A,B,C be disjoint
nonempty subsets of a graph G, where every vertex in A has at least x|B| neighbours in B, and
every vertex in B has at least y|C| neighbours in C. If we ask for a real number z such that we
can guarantee that some vertex in A can reach at least z|C| vertices in C by two-edge paths, then z
must be at most y, since perhaps all the vertices in B have the same neighbours in C. But in the
reverse direction the question becomes much more interesting; that is, we ask for z such that some
vertex in C can reach at least z|A| vertices in A by two-edge paths. Then there might well be values
of z > max(x, y) with this property.
Let us say this more precisely. A tripartition of a graph G is a partition (A,B,C) of V (G) where
A,B,C are all nonempty stable sets. For x, y ∈ (0, 1], we say a graph G is (x, y)-constrained, via a
tripartition (A,B,C), if
• every vertex in A has at least x|B| neighbours in B;
• every vertex in B has at least y|C| neighbours in C; and
• there are no edges between A and C.
For v ∈ V (G), N(v) denotes its set of neighbours, and N2(v) is the set of vertices with distance
exactly two from v. We write N2A(v) for N
2(v)∩A, and so on. Here is a basic result from [1], which
we state without proof:
1.1 Let x, y ∈ (0, 1], and let Z be the set of all z ∈ (0, 1] such that, for every graph G, if G is
(x, y)-constrained via (A,B,C) then |N2A(v)| ≥ z|A| for some v ∈ C. Then sup{z ∈ Z} belongs to
Z.
We define φ(x, y) to be sup{z ∈ Z}, as defined in 1.1. There is a second related problem
concerning a function ψ. Let us say G is (x, y)-biconstrained (via (A,B,C)) if G is (x, y)-constrained
via (A,B,C), and in addition
• every vertex in B has at least x|A| neighbours in A, and
• every vertex in C has at least y|B| neighbours in B.
Let ψ(x, y) be the analogue of φ(x, y) for biconstrained graphs; that is, the maximum z such that
for all G, if G is (x, y)-biconstrained via (A,B,C), then |N2A(v)| ≥ z|A| for some v ∈ C. (As before,
this maximum exists.)
We list the following additional basic results from [1] without proof.
1.2 φ(x, y) ≥ max(x, y) for all x, y > 0.
1
1.3 For all x, y ∈ (0, 1],
φ(x, y) ≤ ⌈kx⌉ + ⌈ky⌉ − 1
k
for every integer k ≥ 1.
1.4 For every integer k ≥ 1, if x, y > 0 and max(x, y) = 1/k then φ(x, y) = 1/k.
1.5 For all x, y ∈ (0, 1],
max(x, y) ≤ φ(x, y) ≤ ψ(x, y) ≤ ⌈kx⌉ + ⌈ky⌉ − 1
k
for every integer k ≥ 1.
1.6 φ(x, y) = φ(y, x) for all x, y.
Now, one of the approaches used in [1] to try to understand the behavior of these functions was
to analyze when they were greater than or equal to 1/2, 2/3, and 1/3. Here, we continue along these
lines, looking at when each of φ and ψ are greater than or equal to 3/4, 2/5, and 3/5.
2 General Results for φ and ψ
In this section we prove several general results concerning the functions φ and ψ that will be used
several times in the remainder of the paper. For B1 ⊆ B, let NA(B1) ⊆ A be the set of vertices in
A with a neighbor in B1. The first result is a very useful lemma which says, roughly speaking, the
larger B1 is, the larger NA(B1) is.
2.1 Suppose G is (x, y)-biconstrained via (A,B,C) and satisfies |N2A(w)| < z|A| for all w ∈ C.
Then for k ≥ 1, if Bk ⊆ B with
bk =
|Bk|
|B| > (k − 1)(1 − y) + max(1− y, 1− x/(1− y))
then |NA(Bk)| > (x+ k(1− z))|A|.
Proof. We proceed by induction on k. Let Ak = NA(Bk). If k = 1, every vertex in B \ B1 has at
least y|C| neighbors in C, so there exists w ∈ C with at least y|B \B1| neighbors in B \B1. For all
v ∈ A\A1, v has at least x|B| neighbors in B \B1, and the condition b1 > 1−x/(1− y) is equivalent
to y(1− b1) + x > 1− b1, so it follows that v has a neighbor in N(w), and thus every v ∈ A \A1 is a
second-neighbor of w. Then since b1 > 1−y, w has a neighbor in B1, and consequently x|A| neighbors
in A1, so it follows that z|A| > |N2A(w)| ≥ (|A| − |A1|) + x|A|, which becomes |A1| > (x+ 1− z)|A|,
as desired.
Now, suppose the statement is true for all k ≤ n. For k = n+ 1 ≥ 2, choose w ∈ C with at least
y|B − Bk| neighbors in Bk. Let Ak = NA(k). For all v ∈ A − Ak, v has at least x|B| neighbors in
B −Bk, so we have:
bk > (k − 1)(1− y) + 1− x/(1 − y) ≥ 1− x/(1 − y)
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It follows that y(1− bk) + x > 1− bk, and thus every v ∈ A−Ak is a second-neighbor of w. Now, if
U = N(w) ∩Bk, we have that:
|U |
|B| ≥ bk + y − 1 > (k − 2)(1 − y) + max(1− y, 1− x/(1− y))
Then by induction we have that U has more than (x+ (k − 1)(1 − z))|A| neighbors in A, which are
all in |N2A(w) ∩Ak|. Thus:
z|A| > |N2A(w)| > (|A| − |Ak|) + (x+ (k − 1)(1 − z))|A|
and consequently |Ak| > (x+ k(1− z))|A| as desired. This proves 2.1.
The following collection of results comes from [1].
2.2 For x, y, z ∈ (0, 1], if y > 1/2 and 4x2y(1 − z) ≥ (z − x)2 then φ(x, y) ≥ z. If in addition
4x2y(1− z) > (z − x)2, then φ(x, y) > z.
2.3 We have:
• ψ(x, y) < 2/3 if 1/2 ≤ y ≤ 3/5 and 2x+ y ≤ 1;
• ψ(x, y) < 2/3 if 3/5 ≤ y and x+ 3y ≤ 2, with x+ 3y < 2 if x or y is irrational;
• ψ(x, y) < 2/3 if 4/7 ≤ x ≤ 11/17 and x+ 3y ≤ 1.
2.4 For all x, y ∈ (0, 1] with y ≤ 1/2, if x1−x + y1−2y ≤ 2, then φ(x, y) < 2/3.
2.5 Let k ∈ Z be an integer, and let x, y ∈ (0, 1] with x1−kx + y1−ky ≤ 1, with strict inequality if x or
y is irrational; then φ(x, y) < 1k+1 .
2.6 Suppose that z/(1 − z) = φ(x/(1 − x), y/(1 − y)); then φ(x, y) ≤ z.
2.7 The statements φ(x, y) ≤ 1− z, φ(z, x) ≤ 1− y, and φ(y, z) ≤ 1− x are equivalent.
2.7 is referred to as ”rotating” for the remainder of this paper.
2.8 If y ≤ 1/2 and x > (1− y)2/(1− 2y2) then φ(x, y) ≥ 2/3.
Now, we prove some results for obtaining lower bounds, first for φ:
2.9 Suppose x ≥ 1/2 and y ≤ 1/2. If φ ((2x− 1)/x, y/(1 − y)) < (2z − 1)/z, then φ(x, y) < z.
Proof. Let x′ = (2x−1)/x, y′ = y/(1−y), and let G′ be an (x, y)-constrained graph, via (A′, B′, C ′),
such that |N2A(w)| = z′|A′| < (2z − 1)|A′|/z for all w ∈ C ′. Add three vertices a, b, c to the graph,
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with edges from a to every vertex in B′, edges from b to every vertex in A′, and an edge between b
and c. Let this new graph be G = (A,B,C), and assign weights as follows:
w(a) = 1− z
w(v) = z/|A′| for each v ∈ A′
w(b) = 1− x
w(v) = x/|B′| for each v ∈ B′
w(c) = y
w(v) = (1− y)/|C ′| for each v ∈ C ′
Then G is (x, y)-constrained, since xx′ + (1− x) = x, (1− y)y′ = y, and for all w ∈ C we have:
|N2A(w)| ≤ (1− z) + zz′ < (1− z) + (2z − 1) = z
Thus φ(x, y) < z, as desired. This proves 2.9.
The next two results are similar, but for ψ:
2.10 Suppose z′ = ψ(x′, y′). If x, y ∈ (0, 1] such that x ≤ 1/(2 − x′), y ≤ y′/(1 + y′), x ≤ z,
x+ (1− x′)y/y′ ≤ 1, z ≥ 1/(2− z′), and
x ≤ z − z
′ + x′(1− z)
1− z′
then ψ(x, y) ≤ z. It follows that if z′ = ψ(x′, y′) and x, y ∈ (0, 1] such that x ≤ 1/(2 − x′),
y ≤ y′/(1 + y′), x < z, x+ (1− x′)y/y′ ≤ 1, z > 1/(2 − z′), and
x <
z − z′ + x′(1− z)
1− z′
then ψ(x, y) < z.
Proof. Let G′ be an (x, y)-biconstrained graph, via (A′, B′, C ′), such that |N2A(w)| ≤ z′|A′| for all
w ∈ C ′. Add three vertices a, b, c to the graph, with edges from a to every vertex in B′, edges from
b to every vertex in A′, and an edge from b and c. Let this new graph be G = (A,B,C), and assign
weights as follows:
w(a) = p
w(v) = (1− p)/|A′| for each v ∈ A′
w(b) = q
w(v) = (1− q)/|B′| for each v ∈ B′
w(c) = y
w(v) = (1− y)/|C ′| for each v ∈ C ′
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We will choose p, q such that this graph is (x, y)-biconstrained and has |N2A(w)| ≤ z for all w ∈ C.
The conditions are 1− p ≥ x, 1− q ≥ x, q ≥ y, (1 − q)x′ + q ≥ x, (1 − p)x′ + p ≥ x, (1 − y)y′ ≥ y,
(1− q)y′ ≥ y, and finally 1− p ≤ z, (1− p)z′ + p ≤ z. These are equivalent to the following:
max
(
1− z, x− x
′
1− x′
)
≤p ≤ min
(
1− x, z − z
′
1− z′
)
max
(
y,
x− x′
1− x′
)
≤q ≤ min
(
1− x, 1− y
y′
)
Thus, it suffices to show that the lower bound on p is at most the upper bound on p, and similarly
for q. We obtain eight conditions, which simplify to those given in the problem statement. The strict
inequality formulation immediately follows, since for some ǫ > 0 we have ψ(x, y) ≤ z − ǫ < z. This
proves 2.10.
2.11 Suppose z′ = ψ(x′, y′). If x, y ∈ (0, 1] such that y ≤ 1/(2 − y′), x ≤ x′/(1 + x′), x ≤ x′z,
(1− y′)x/x′ + y ≤ 1, z ≥ 1/(2− z′), and x ≤ (z − z′)/(1 − z′), then ψ(x, y) ≤ z.
It follows that if z′ = ψ(x′, y′) and x, y ∈ (0, 1] such that y ≤ 1/(2 − y′), x ≤ x′/(1 + x′), x < x′z,
(1− y′)x/x′ + y ≤ 1, z > 1/(2− z′), and x < (z − z′)/(1 − z′), then ψ(x, y) < z.
Proof. Let G′ be an (x, y)-biconstrained graph, via (A′, B′, C ′), such that |N2A(w)| ≤ z′|A′| for all
w ∈ C ′. Add three vertices a, b, c to the graph, with an edge from a to b, edges from b to every vertex
in C ′, and edges from c to every vertex in B′. Let this new graph be G = (A,B,C), and assign
weights as follows:
w(a) = p
w(v) = (1− p)/|A′| for each v ∈ A′
w(b) = q
w(v) = (1− q)/|B′| for each v ∈ B′
w(c) = 1− y
w(v) = y/|C ′| for each v ∈ C ′
The conditions that this graph is (x, y)-biconstrained with |N2A(w)| ≤ z|A| for all w ∈ C can be
written as follows:
max (x, 1 − z) ≤p ≤ min
(
1− x
x′
,
z − z′
1− z′
)
max
(
x,
y − y′
1− y′
)
≤q ≤ min
(
1− y, 1− x
x′
)
We just need to check that the lower bound for p is at most the upper bound for p, and similarly for
q. This gives eight conditions, which simplify to those given in the problem statement. The strict
inequality formulation immediately follows, since for some ǫ > 0 we have ψ(x, y) ≤ z − ǫ < z. This
proves 2.11.
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2.12 Suppose x, y ∈ Q, and a/b ≤ 1/2, bx/a + y ≤ 1, x+ by/a ≤ 1, and either ay ≤ x or ax ≤ y;
then ψ(x, y) < a/b.
In addition, if at least one of x, y is irrational, and a/b ≤ 1/2, bx/a + y < 1, x + by/a < 1,
and either ay < x or ax < y, then ψ(x, y) < a/b.
Proof. It suffices to prove the case with x, y ∈ Q, since in the other case we can increase x, y if
necessary so that they are rational. Now, suppose first that ay ≤ x. Let k+1 = ba , so the conditions
are (k + 1)x + y ≤ 1 and x + (k + 1)y ≤ 1. Choose an integer N ≥ 1 such that p = xN/(1 − kx)
and q = yN/(1 − kx) are integers, and thus p + q ≤ (x + y)N/(x + y) = N . Let G1 be the graph
with vertices {a1, ..., aN , a∗, b1, ..., bN , c1, ..., cN} where each ai is adjacent to bi, ..., bi+p−1, each bi is
adjacent to ci, ..., ci+q−1, and a
∗ is adjacent to all of the bi.
Let m = b− a. Let G2 be the graph with vertices {a′1, ..., a′m, b′1, ..., b′m, c′1, ..., c′m}, where each a′i
is adjacent to b′i, ..., b
′
i+a−1, and each b
′
i is adjacent to c
′
i. Let G be the disjoint union of G1 and G2.
Let r satisfy (k + 1)rN = 1k+1 − x. Assign weights as follows:
w(ai) = kr(N + 1)/N
w(a′i) = 1/b− r/a
w(a∗) = 1/(k + 1)−Nkr
w(bi) = (1− kx)/N
w(b′i) = x/a
w(ci) = (1− kay)/N
w(c′i) = y
Now, to verify that this graph is (x, y)-biconstrained via (A,B,C) with |N2A(v)| < (a/b)|A| for
all v ∈ C, we need to check that the following set of conditions hold:
ay ≤ x
x ≤ p(1− kx)/N
y ≤ q(1− kx)/N
y ≤ q(1− kay)/N
x ≤ 1/(k + 1)− r
x ≤ pkr(N + 1)/N + 1/(k + 1)−Nkr
1/(k + 1) > 1/(k + 1)−Nkr + (p+ q − 1)kr(N + 1)/N
The first follows from assumption. The next two follow from the definition of p and q. The
fourth is equivalent to ay ≤ x. The fifth follows from the definition of r. The sixth is equivalent
to rk(N − x(N + 1)/(1 − kx)) ≤ 1/(k + 1) − x, which follows from the definition of r. Finally, the
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seventh condition is equivalent to (p + q − 1)(N + 1)/N < N , which is true since p+ q ≤ N . Thus,
ψ(x, y) < a/b, as desired.
So suppose ay > x, and consequently ax ≤ y. Again, let k + 1 = b/a. Choose an integer N ≥ 1
such that p = xN/(1−ky), q = yN/(1−ky) are integers, and thus p+q ≤ (x+y)N/(x+y) = N . Let
G1 be as above. Let m = b−a, and let G2 be the graph with vertices {a′1, ..., a′m, b′1, ..., b′m, c′1, ..., c′m},
where each a′i is adjacent to b
′
i, and each b
′
i is adjacent to c
′
i, ..., c
′
i+a−1 (this is the earlier graph G2
flipped). Let G be the disjoint union of G1 and G2. Let r satisfy (k + 1)rN ≤ 1/(k + 1) − x and
r ≤ 1/(k + 1)− y. Assign weights as follows:
w(ai) = kr(N + 1)/N
w(a′i) = 1/b− r/a
w(a∗) = 1/(k + 1)−Nkr
w(bi) = (1− ky)/N
w(b′i) = y/a
w(ci) = (1− ky)/N
w(c′i) = y/a
Now, to verify that this graph is (x, y)-biconstrained via (A,B,C) with |N2A(v)| < (a/b)|A| for
all v ∈ C, we need to check that the following set of conditions hold:
ax ≤ y
x ≤ p(1− ky)/N
y ≤ q(1− ky)/N
x ≤ 1/b− r/a
x ≤ pkr(N + 1)/N + 1/(k + 1)−Nkr
1/(k + 1) > 1/(k + 1)−Nkr + (p+ q − 1)kr(N + 1)/N
The first follows from assumption. The next two follow from the definition of p and q. For the
fourth, we have ax ≤ y ≤ 1/(k + 1) − r = a/b − r by the definition of r. The fifth and sixth follow
as before. Thus, ψ(x, y) < a/b. This proves 2.12.
3 The 3/4 Level
In this section we give results for when ψ(x, y) ≥ 3/4 and φ(x, y) ≥ 3/4. The results are shown in
Figure 1.
3.1 Suppose y > 1/3, x ≥ 1/2, and 2y − 2y2 > 1− x. Then ψ(x, y) ≥ 3/4.
7
xy
(1/2, 1/2)
ψ ≥ 3/4
ψ < 3/4
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3.10
Figure 1: When φ(x, y) < 3/4 and when ψ(x, y) < 3/4.
Proof. We can assume that x, y are rational, and by multiplying vertices if necessary that y|B| ∈ Z.
Let v1 ∈ C, and let B1 ⊆ N(v1) be such that |B1| = y|B|. Choose v2 ∈ C with at least y|B \B1| =
y(1 − y)|B| neighbors in B \ B1. Then, letting Ai = N2A(vi), we have that A1 ∪ A2 = A, since
y+ y(1− y) > 1− x by assumption. Let B2 ⊆ N(v2) be such that |B2| = y|B|. If B1 ∩B2 6= ∅, then
it follows that |A1 ∩A2| ≥ x|A|, and consequently:
|A1|+ |A2| ≥ (1 + x)|A| ≥ 3|A|/2
Then it follows that |Ai| ≥ 3|A|/4 for some Ai, a contradiction.
Thus, B1 and B2 are disjoint. Choose v3 ∈ C with at least y(1−2y)|B| neighbors in B\(B1∪B2).
Since y > 1/3 and B1, B2 are disjoint, without loss of generality B1∩N(v3) 6= ∅. Then by assumption
y + y(1 − 2y) > 1 − x, so |B1 ∪ N(v3)| > 1 − x and consequently if A3 = N2A(v3), we have that
A1 ∪ A3 = A. But then since there is a vertex in B1 ∩ N(v3), we have that |A1 ∩ A3| ≥ x|A|, and
thus:
|A1|+ |A3| ≥ (1 + x)|A| ≥ 3|A|/2
and one of A1, A3 has size at least 3|A|/4, a contradiction. This proves 3.1.
3.2 Suppose that x > 2/3, x+2y > 1, x+y/(4(1−2y)) ≥ 3/4, and either y(5−6y)/(3(1−y)) ≥ 1−x
or x+ y/(4(1 − y)) ≥ 3/4. Then ψ(x, y) ≥ 3/4.
Proof. Let G be (x, y)-biconstrained via (A,B,C). Let H be the graph with V (H) = V (C) and
(uv) ∈ E(H) if and only if u and v have a common neighbor in B. Let α(H) denote the size of the
largest stable set in H. I claim α(H) < 4. Suppose on the contrary that there exists a stable set
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{v1, v2, v3, v4} of size four in H. Then because x+ 2y > 1, we know that every pair of these vertices
have their second neighborhoods cover A, and consequently every vertex in A is a second neighbor
of at least three of these vertices. Then, by averaging, one of the vi is a second neighbor of at least
3|A|/4 of the vertices in A, a contradiction.
Now, we consider each of the three possible values for α(H) individually. If α(H) = 1, take
v1 ∈ C, and let A1 = N2A(v1). Then every vertex v ∈ C has a common neighbor with v1. Now,
choose w ∈ B with at least x|A \A1|/(1− y) > x|A|/(4− 4y) neighbors in A \A1, and let v2 ∈ C be
a neighbor of w. Then:
|N2A(v2)| > (x+ x/(4− 4y))|A| > (2/3 + 1/6)|A| = 5|A|/6 ≥ 3|A|/4
which is a contradiction.
If α(H) = 2, let {v1, v2} be a maximum stable set. Then every vertex v ∈ C has a common
neighbor with v1 or v2.
(1) For all v1, v2, v3 ∈ C, if |N(v1)∩N(v2)| 6= 0 and |N(v2)∩N(v3)| 6= 0, then |N(v1)∩N(v3)| 6= 0.
Suppose N(v1) and N(v3) are disjoint, and let w1, w3 be common neighbors of v2 with v1 and
v3, respectively. Then if Ai = N
2
A(vi), since x + 2y > 1 we have A1 ∪ A3 = A, and consequently
|A1 ∩A3| < |A|/2. Then NA(w1) ∩NA(w3) ⊆ A1 ∩A3, so
|N2A(v2)| ≥ |NA(w1) ∪NA(w3)| > (2x− 1/2)|A| > 5|A|/6
which gives a contradiction. This proves (1).
Thus, by (1) we have that every vertex v ∈ C has a common neighbor with exactly one of
v1, v2. This implies that the bipartite graph (B,C) has two components, and furthermore that these
components are complete. Let the components be P1 and P2, and let Bi = Pi ∩B, Ci = Pi ∩C. We
have that |Ci| ≥ y|C|, which implies that |Ci| ≤ (1− y)|C|.
Now, suppose first that x+ y4(1−y) ≥ 3/4. Then, without loss of generality |B1| ≥ |B|/2, and thus
every vertex in A \A1 has a neighbor in B1 and therefore hits at least fraction y1−y of the vertices in
C1, so there exists w ∈ C1 with at least y|A \ A1|/(1 − y) > y4(1−y) |A| neighbors in A \ A1. Then w
has a common neighbor with v1 since C1 is a complete component, and thus:
|N2A(w)| >
y|A|
4(1− y) + x|A| ≥ 3|A|/4
which is a contradiction.
So we can assume x + y/(4(1 − y)) < 3/4, which implies that y(5−6y)3−3y ≥ 1 − x by assumption.
Without loss of generality |C1| ≤ |C|/2. If |B1| ≥ |B|/3, then every vertex v ∈ A \A1 has a neighbor
in B1, and consequently y|C| neighbors in C1. Then every v ∈ A \A1 hits at least fraction 2y of the
vertices in C1, so it follows that there exists w ∈ C1 with at least 2y|A \ A1| > y|A|/2 neighbors in
A \ A1. Now, we know that w has a common neighbor in B with v1, and thus we have:
|N2A(w)| > (x+ y/2)|A| > (x+ (1− x)/4)|A| > 3|A|/4
since x > 2/3 and x+ 2y > 1.
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Thus we can assume that |B1| < |B|/3. Now, every vertex in B2 hits at least fraction y/(1−y) of
the vertices of C2. Choose u ∈ C2, and let P = N(u). Choose v ∈ C2 with at least y(|B2|−|P |)/(1−y)
neighbors in B2 − P . I claim that every vertex in A is a second-neighbor of either u or v. Indeed, if
S = N(u) ∪N(v), then:
|S|+ x|B| − |B| ≥ |P |+ y(|B2| − |P |)
1− y + x|B| − |B|
=
y
1− y |B2|+
1− 2y
1− y |P |+ (x− 1)|B|
>
2y
3(1 − y) |B|+
y(1− 2y)
1− y |B|+ (x− 1)|B|
=
(
y(5− 6y)
3− 3y + x− 1
)
|B|
≥ 0
by assumption. Thus, N2A(u) ∪ N2A(v) = A, and since u and v have a common neighbor in B2 we
have that:
|N2A(u)|+ |N2A(v)| ≥ (x+ 1)|A| > 5|A|/3
and thus one of u, v has at least 5|A|/6 second-neighbors in A, a contradiction.
Finally, if α(H) = 3, let {v1, v2, v3} be a maximum stable set of H, and let Ai = N2A(vi). Then
since x + 2y > 1, the pairwise unions of the Ai are equal to A, so it follows that the pairwise
intersections of the Ai all have size less than |A|/2. Since there is no stable set of size 4 in C, it
follows that every v ∈ C has a common neighbor with at least one of the vi, and by (1) we know
that every vertex v ∈ C has a common neighbor with exactly one of the vi. It follows that (B,C)
has three connected components, and furthermore that they are all complete. Call them P1, P2, P3
and let Bi = Pi ∩B, Ci = Pi ∩ C. Now, suppose without loss of generality that |B1| ≥ |B|/3. Then
since x > 2/3, every vertex in A \A1 has a neighbor in B1 and thus sees at least fraction y/(1− 2y)
of C1, so there exists w ∈ C1 with at least y|A \ A1|/(1 − 2y) > y|A|/(4 − 8y) second-neighbors in
A \ A1. Then:
|N2A(w)| ≥ (x+ y/(4− 8y))|A| ≥ 3|A|/4
is clearly true if x+ y/(4(1 − y)) ≥ 3/4. If, on the other hand, we have y(5− 6y)/(3 − 3y) ≥ 1− x,
then we have
x+
y
4− 8y ≥ 1−
y(5− 6y)
3− 3y +
y
4− 8y ≥
3
4
is equivalent to 48y3 − 67y2 + 26y − 3 ≤ 0, which is true for y ≤ .223. Since all points of the
upper bound curve satisfy y < .223, it follows that it suffices to show the claim under the additional
assumption that y ≤ .223, so it follows that x+ y/(4− 8y) ≥ 3/4, as desired. This proves 3.2.
3.3 Suppose y > 1/2, x > 1/3, 3y + x > 2, and either (3x − 1)/(12 − 12y − 4) + x ≥ 1/2 or
x ≥ (3− 4y)/(4 − 4y), then ψ(x, y) ≥ 3/4.
Let G be (x, y)-biconstrained via (A,B,C), and let the graph H have V (H) = V (C), with (uv) ∈
E(H) if and only if |N(u)∪N(v)| ≤ (1−x)|B|. First, we note that there is no stable set in H of size
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at least four. For if there was a stable set {v1, v2, v3, v4}, then since every pair have their second-
neighbor sets in A having union equal to A, it follows that each vertex in A is a second-neighbor of
at least three of the vi, so by averaging one of the vi has at least 3|A|/4 second-neighbors in A, a
contradiction.
(1) For all v1, v2 ∈ C, if |N(v1) ∪N(v2)| ≤ (1− x)|B| then |N2A(v1) ∩N2A(v2)| > (x+ 1/4)|A|.
We have
|N(v1) ∩N(v2)| > 2y − (1− x) > 1− y
by assumption, and also that x > 1/3 and y > 1/2 imply
|N(v1) ∩N(v2)| > 2y + x− 1 > 1/3 > 1− x/(1 − y)
Thus, 2.1 gives that |N2A(v1) ∪N2A(v2)| > (x+ 1/4)|A|. This proves (1).
Now, we deal with the cases α(H) = 1 and α(H) = 2 together. If α(H) = 1, let v1 and v2 be any
two vertices, and if α(H) = 2, let {v1, v2} be a maximum stable set. Then partition C = C1 ∪ C2
such that for all v ∈ Ci we have that |N(v) ∪N(vi)| ≤ (1− x)|B|. Then by (1) we have that for all
v ∈ Ci, v and vi have more than (x+ 1/4)|A| common second-neighbors in A.
Now, suppose without loss of generality that |C1| ≥ 1/2. If B1 = N(v1), A1 = N2A(v1), choose
u ∈ B \ B1 with at least x|A1|/(1 − y) > x|A|/(4 − 4y) neighbors in A \ A1, and let v ∈ C1 be a
neighbor of u. Then:
|N2A(v)| > x|A|/(4 − 4y) + (x+ 1/4)|A| ≥ 3|A|/4
since x > 1/3, y > 1/2, a contradiction.
If α(H) = 3, let {v1, v2, v3} be a maximum stable set. Let Bi = N(vi) and Ai = N2A(vi). Suppose
first that (3x− 1)/(12− 12y − 4) + x ≥ 1/2. Partition C = C1 ∪C2 ∪C3 such that for all v ∈ Ci we
have that |N(v) ∪ N(vi)| ≤ (1 − x)|B|. If |Ci| > (1 − y)|C| for some i, then every vertex in B has
a neighbor in Ci, so, identically to before, choose u ∈ B with more than x|A|/(4 − 4y) neighbors in
A−Ai, and let w ∈ Ci be a neighbor of u. Then since x/(4− 4y) + x+ 1/4 ≥ 3/4, we again obtain
a contradiction. So, we can assume that |Ci| ≤ (1− y)|C|, which implies that every vertex in B has
neighbors in at least two of the Ci. Partition B = S1 ∪ S2 ∪ S3 such that every vertex in S1 has a
neighbor in both C2 and C3, and similarly for S2 and S3. Then, without loss of generality, |S1| ≤ 1/3.
Every vertex in S2∪S3 has a neighbor in C1, by definition. Then, every vertex in A\A1 hits at least
fraction (x − 1/3)/(1 − y − 1/3) of the vertices in B \ (B1 ∪ S1), so there exists u ∈ B \ (B1 ∪ S1)
with more than (3x − 1)/(12 − 12y − 4) neighbors in A \ A1. Let w ∈ C1 be a neighbor of u in C1,
which exists since u /∈ S1. Then:
|N2A(w)| > (3x− 1)|A|/(12 − 12y − 4) + x|A|+ 1/4|A| ≥ 3|A|/4
which is a contradiction.
Finally, if (3x−1)/(12−12y−4)+x < 1/2 then we have that x ≥ (3−4y)/(4−4y) by assumption
(note here we are still in the α(H) = 3 case). I claim each component of H is complete. If not,
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then there exists an induced path of length two in H, namely three vertices u1, u2, u3 ∈ C such that
(letting Bi = N(ui), Ai = N
2
A(ui)):
|B1 ∪B2| ≤ (1− x)|B|
|B2 ∪B3| ≤ (1− x)|B|
|B1 ∪B3| > (1− x)|B|
Now, if |B1 ∩B3| > (1− y)|B|, since x > y(1 − y) for x > 1/3 and y > 1/2, we have by 2.1 that
|A1 ∩A3| > (x+ 1/4)|A| ≥ |A|/2, but then since A = A1 ∪A3, we have |A1|+ |A3| ≥ 3|A|/2, so one
of A1, A3 has size at least 3|A|/4, a contradiction. Thus |B1 ∩B3| ≤ (1− y)|B|, and thus |B3 \B1| ≥
(2y − 1)||B|. But we know |B2 \B1| ≤ (1− x− y)|B|, since |B1| ≥ y|B| and |B1 ∪B2| ≤ (1− x)|B|,
and similarly |B3 \B2| ≤ (1− x− y)|B|. Then, since:
B3 \B1 ⊆ (B2 \B1) ∪ (B3 \B2)
we have that:
(2y − 1)|B| ≤ |B3 \B1| ≤ |B2 \B1|+ |B3 \B2| ≤ 2(1− x− y)|B|
which is equivalent to 4y+2x ≤ 3. Using x ≥ (3−4y)/(4−4y), this becomes 2(3−4y)/(4−4y) ≤ 3−4y,
which is equivalent to y ≤ 1/2, contradicting our assumption that y > 1/2.
Thus, there is no induced path of length two in H, and consequently every component of H is
complete. Then, since there exists a stable set of size three, it follows that H has three connected
components (since there does not exist a stable set of size four), which are furthermore all complete.
Write C = C1 ∪ C2 ∪ C3 where the Ci are the three components of H. As before, we can assume
|Ci| ≤ (1 − y)|C|. I claim that there does not exist a vertex w ∈ B with a neighbor in all three
of the Ci. Suppose there does exist such a vertex, and let v1, v2, v3 be neighbors of w in C1, C2, C3
respectively. Let Bi = N(vi), Ai = N
2
A(vi). We know that the pairwise unions of the Bi have size
greater than (1 − x)|B|, so thus the pairwise unions of the Ai are equal to A. Furthermore, the
pairwise intersections of the Ai all have size less than |A|/2. Let S1 = B2 ∩B3, and similarly define
S2, S3. Let T1 = A2 ∩ A3, and similarly define T2, T3. Then since every vertex in A is a second-
neighbor of at least two of the vi, it follows that every vertex in A is in at least one of the Ti. Now,
since w ∈ N(v1) ∩N(v2) ∩N(v3), we have that w ∈ S1 ∩ S2 ∩ S3 as well. Then |Ti| < |A|/2, and we
know T1 ∪ T2 ∪ T3 = A, so T2 and T3 cover A \ T1, which has size greater than |A|/2. Thus, without
loss of generality, more than |A|/4 vertices of T \ T1 belong to T2. But |T1 ∩ T2| ≥ x|A| > |A|/4,
since N(w) ⊆ T1 ∩ T2, so we obtain |T2| > |A|/2, which is a contradiction.
So there cannot exist a vertex w ∈ B with a neighbor in all three of the Ci. In addition, if w ∈ B
has N(w) contained in some Ci, then |Ci| ≥ y|C| > (1 − y)|C|, contrary to our earlier assumption
that |Ci| ≤ (1− y)|C| (this case is the same as the two-component case). Thus, every vertex w ∈ B
has neighbors in exactly two of the Ci, so it follows that we can partition B = R1∪R2∪R3 such that
every vertex in R1 has neighbors in C2 and C3 but not C1, and similarly for R2, R3. Then, without
loss of generality, |R1| ≤ 1/3. For all w ∈ B \ R1, w has its neighbors contained in, for example,
C1 and C2 (the other case, C1 and C3, is identical). Since |C2| ≤ (1 − y)|C|, it follows that w has
at least y|C| − (1 − y)|C| = (2y − 1)|C| neighbors in C1. Then, since x > 1/3, we have that every
vertex in A \ A1 has a neighbor in B \ R1, and consequently has at least fraction (2y − 1)/(1 − y)
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second-neighbors in C1, so there exists u ∈ C1 with greater than (2y−1)|A|/(4−4y) second-neighbors
in A \ A1, and consequently:
|N2A(u)| > (x+ 1/4 + (2y − 1)/(4 − 4y))|A| ≥ 3|A|/4
by the assumption x ≥ (3− 4y)/(4 − 4y). This proves 3.3.
3.4 Suppose 1/2 < y < 2/3 and (2− 3y)(2y − 1) > 1− x− y; then ψ(x, y) ≥ 3/4.
Proof. We can assume that y ∈ Q, and that y|B| ∈ Z, by decreasing y and blowing up vertices if
necessary. Now, let H be a graph with V (H) = C and (uv) ∈ E(H) if and only if |N(u) ∪N(v)| ≤
(1− x)|B|. We proceed by cases by the value of α(H), noting that α(H) < 4 since if {v1, v2, v3, v4}
was a stable set of size four in H, then we would have that every vertex v ∈ A is a second-neighbor
of at least three of the vi, and consequently some vi has at least 3|A|/4 second-neighbors in A.
Now, suppose α(H) = 1. Choose v1, v2 ∈ C at random. The expectation of the size of |N(v1) ∪
N(v2)| is at least (1 − (1 − y)2)|B| = (2y − y2)|B| > (1 − x)|B| since 1 − x < 2/3 < 2y − y2 for
1/2 < y < 2/3. Thus, we cannot have α(H) = 1.
Now, suppose α(H) = 2. Let {v1, v2} be a maximum stable set in H. Then partition C = C1∪C2
such that for all v ∈ Ci we have |N(vi) ∪N(v)| ≤ (1− x)|B|. Let Bi ⊆ N(vi) such that |Bi| = y|B|.
We are going to count the number of edges from B to C which do not go from a vertex in B1 to a
vertex in C1, or a vertex in B2 to a vertex in C2. Call this set of edges E. On the one hand, we have
|E| ≤ (1−x− y)|B||C|, since every vertex in Ci can have at most (1−x− y)|B| edges outside of Bi.
On the other hand, if we let ci = |Ci|, looking at the vertices in B we have that the vertices of B1\B2
need at least (y − c1)|C| edges to C2, and similarly for B2 \ B1, and the vertices in B \ (B1 ∪ B2)
each need at least y|C| edges in E. So if we let t|B| = |B1 \B2|, we get that
1− x− y ≥ |E||B||C| ≥ t(y − c1) + t(y − c2) + (1− y − t)y
and the right-hand side is
t(y − 1) + (1− y)y ≥ (1− y)(y − 1) + (1− y)y = (1− y)(2y − 1)
but by assumption we have 1−x−y < (2−3y)(2y−1) < (1−y)(2y−1) since y > 1/2, a contradiction.
Finally, suppose α(H) = 3. Let {v1, v2, v3} be a maximum stable set in H and partition C =
C1 ∪ C2 ∪ C3 such that for all v ∈ Ci we have |N(vi) ∪ N(v)| ≤ (1 − x)|B|. Choose Bi ⊆ N(vi)
such that |Bi| = y|B|, and let a1 = |B1 \ (B2 ∪ B3)|, a2 = |B2 \ (B1 ∪ B3)|, a3 = |B3 \ (B1 ∪ B2)|,
b1 = |(B2\B1)∩(B3\B1)|, b2 = |(B1\B2)∩(B3\B2)|, b3 = |(B1\B3)∩(B2\B3)|, b4 = |B1∩B2∩B3|,
and a4 = |B \ (B1 ∪B2 ∪B3)|. Also, let ci = |Ci|/|C| and di = 1− ci.
As before, let E be the set of edges from B to C that are not between any of the pairs (Bi, Ci)
for 1 ≤ i ≤ 3. Now, we have 3y + a4 − 1 =
(∑4
i=1 bi
)
+ b4, and so
∑4
i=1 bi = 3y + a4 − b4 − 1, and
consequently
∑4
i=1 ai = 2− 3y − a4 + b4. We proceed by casework on how many of the values of the
di are at least y. In all cases, we have |E|/(|B||C|) ≤ (1 − x − y) by the same argument as before,
and in all cases we show that |E|/(|B||C|) ≥ (2− 3y)(2y − 1) for the desired contradiction.
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First, suppose that c1 > y. Then every vertex in B\B1 needs at least (y−(1−y))|C| = (2y−1)|C|
edges in E. It follows that |E| ≥ (1− y)(2y− 1)|B||C| > (2− 3y)(2y− 1)|B||C|, a contradiction. So,
for the remainder of the proof, we can assume ci ≤ y for all i.
Now, suppose that di ≥ y for all i, which is equivalent to ci ≤ 1− y. Now, in this case we have:
|E|
|B||C| ≥
(
3∑
i=1
ai
)
(2y − 1) + a4y
= (2− 3y − 2a4 + b4)(2y − 1) + a4y
≥ (2− 3y)(2y − 1) + a4(2− 3y)
≥ (2− 3y)(2y − 1)
Now, suppose that d1 < y, d2 ≥ y, d3 ≥ y (without loss of generality, this is the case where
exactly one of the di is less than y). Note first that
b1 = (1− y)− (a2 + a3 + a4)
= (1− y)− (2− 3y − a4 + b4 − a1)
= 2y − 1 + a4 − b4 + a1
and thus we have
|E|
|B||C| ≥ a1(y − c1) + b1(y − (1− c1)) + a2(y − c2) + a3(y − c3) + a4y
≥
(
3∑
i=1
ai
)
(2y − 1) + a4y + (2y − 1 + a4 − b4)(y − 1 + c1)
= (2− 3y)(2y − 1) + (−2a4 + b4)(2y − 1) + a4y + (2y − 1 + a4 − b4)(y − 1 + c1)
= (2− 3y)(2y − 1) + a4(1 + c1 − 2y) + b4(y − c1) + (2y − 1)(y − 1 + c1)
≥ (2− 3y)(2y − 1)
since all of the terms after the first one in the second-to-last line are non-negative since 1/2 < y < 2/3
and 1− y < c1 < y.
Finally, suppose without loss of generality that d1 < y, d2 < y, d3 ≥ y. This is the final case
since ci > 1− y for all i implies 1 > 3− 3y, a contradiction. Then we have
b2 = (1− y)− (a1 + a3 + a4)
= (1− y)− (2− 3y − a4 + b4 − a2)
= 2y − 1 + a4 − b4 + a2
and we have
|E|
|B||C| ≥ a1(y − c1) + b1(y − (1− c1)) + a2(y − c2) + b2(y − (1− c2)) + a3(y − c3) + a4y
≥
(
3∑
i=1
ai
)
(2y − 1) + a4y + (2y − 1 + a4 − b4)(y − 1 + c1) + (2y − 1 + a4 − b4)(y − 1 + c2)
= (2− 3y)(2y − 1) + a4(c1 + c2 − y) + b4(1− c1 − c2) + (2y − 1)(2y − 2 + c1 + c2)
≥ (2− 3y)(2y − 1)
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since 1/2 < y < 2/3 and 1− y < c1, c2 < y. This proves 3.4.
3.5 Suppose x ≥ 1/4 and y > 2/3. Then ψ(x, y) ≥ 3/4.
Proof. Suppose not. We have that y > 2− 2y since y > 2/3, and also y > (1− y)+ 1− x/(1− y) is
equivalent to x > 2(1 − y)2, which is implied by x ≥ 1/4 and y > 2/3. Then, applying 2.1 to N(v)
for k = 2 gives that for any v ∈ C:
|N2A(v)| > (x+ 1/2)|A| ≥ 3|A|/4
which is a contradiction. This proves 3.5.
3.6 Suppose:
2y + x− 1 > 1− y +max(1− y, 1− x/(1− y))
Then ψ(x, y) ≥ 3/4.
Proof. We have that if v1, v2 ∈ C with |N(v1) ∪ N(v2)| ≤ (1 − x)|B| then |N(v1) ∩ N(v2)| ≥
(2y + x − 1)|B|. Thus, 2.1 applied for k = 2 tells us that, for all such v1, v2 ∈ C, more than
(x+ 1/2)|A| vertices in A have a neighbor in N(v1)∩N(v2). Now, let H be the graph with vertices
C and an edge between u, v if |N(u) ∪ N(v)| ≤ (1 − x)|B|. Then there is no stable set of size at
least four in H, because if {v1, v2, v3, v4} is such a stable set, then every pair of vi, vj have second
neighborhoods covering A, and thus every v ∈ A is second-neighbors with at least three of the four
vi, so, by averaging, one of the vi has at least 3|A|/4 second-neighbors in A, a contradiction.
It follows that you can find three vertices v1, v2, v3 ∈ C and a partition C = C1 ∪ C2 ∪ C3 such
that for all v ∈ Ci, we have |N(v) ∪N(vi)| ≤ (1 − x)|B|. Then suppose, without loss of generality,
that |C1| ≥ 1/3. Then since y > 2/3, every vertex in B has a neighbor in C1. Then let Bi = N(vi),
Ai = N
2
A(vi), and choose u ∈ B \B1 with more than x|A|/(4− 4y) neighbors in A \A1. Let w ∈ C1
be a neighbor of u in C1. Then:
|N2A(w)| > (x+ 1/2 + x/(4− 4y))|A| > (1/2 + 7x/4)|A| ≥ 3|A|/4
since the second assumed condition is equivalent to:
x > 3(1− y)2/(2− y) > 3/20 > 1/7
This proves 3.6.
3.7 If y > 1/2 and 16x2y ≥ (3− 4x)2, then φ(x, y) ≥ 3/4.
Proof. Apply 2.2 with z = 3/4.
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3.8 If y < 1/3 and
x >
1− y
1 + y − 3y2
then φ(x, y) ≥ 3/4.
Proof. Let
p =
1− x− y
1− 3y
and note that the assumption is equivalent to p < xy, since 0 < y < 1/3.
Now, let G be (x, y)-constrained via (A,B,C). We can assume that x, y ∈ Q, and also that every
vertex in A goes to strictly more than x|B| vertices of B, by reducing x and y by a little bit and
blowing up vertices, if necessary. Then by blowing up vertices if necessary we can also assume that
y|B| ∈ Z and p|B| ∈ Z. We also assume that x+ y ≤ 1, since otherwise φ(x, y) = 1.
Let s ∈ [0, 1]. Now, choose v1 ∈ C with at least y|B| neighbors in B, and let B1 ⊆ N(v1) with
|B1| = y|B|. Then, choose v2 ∈ C such that sb0+b2 ≥ y(sy+(1−y)), where b0|B| = |N(v2)∩B1| and
b2|B| = |N(v2)\B1|. I claim there exists such an s ∈ [0, 1] such that b0 + b2 ≥ p, and b2 ≥ 1− x− y.
The first will be satisfied if y(sy + (1− y)) ≥ p, since:
b0 + b2 ≥ sb0 + b2
≥ y(sy + (1− y))
≥ p
The second condition will be satisfied if y(sy + (1− y)) ≥ sy + 1− x− y, since:
sy + b2 ≥ sb0 + b2
≥ y(sy + (1− y))
≥ sy + 1− x− y
So we want:
p− y(1− y)
y2
≤ s ≤ 2y − y
2 + x− 1
y − y2
and in order to be able to pick some 0 ≤ s ≤ 1 to satisfy both these inequalities, we need both the
lower bound to be at most one and the upper bound to be at least zero. Here, note that:
p− y(1− y)
y2
≤ 1⇔ p ≤ y
and:
2y − y2 + x− 1
y − y2 ≥ 0⇔ 2y − y
2 + x− 1 ≥ 0
so such an s will exist if the following conditions hold:
p ≤ xy
1− y
2y − y2 + x− 1 ≥ 0
p ≤ y
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Note that p ≤ xy1−y and x + y ≤ 1 implies p ≤ y, so it follows that the only conditions we need are
p ≤ xy1−y and 2y − y2 + x − 1 ≥ 0. The first condition is implied by p < xy, and for the second
condition note that
x >
1− y
1 + y − 3y2 ≥ (1− y)
2
is true for 0 < y < 1/3.
Let t ∈ [0, 1]. Since p ≤ xy1−y ≤ y, we can choose X1 ⊆ N(v1) such that |X1| = p|B|. Choose
X2 ⊆ N(v2) such that |X2| = p|B|. Now, we proceed in a similar fashion. Let c0, c2 be such that
c0|B| = |N(v3) ∩ (X1 ∪X2)| and c2|B| = |N(v3) ∩ (B \ (X1 ∪X2)|. Choose v3 ∈ C such that
tc0|B|+ c2|B| ≥ ty|X1 ∪X2|+ y(|B| \ |X1 ∪X2|) = y(|B|+ (t− 1)|X1 ∪X2|) ≥ y(1 + (t− 1)2p)|B|
I claim there exists 0 ≤ t ≤ 1 such that the following two conditions hold: c0 + c2 ≥ p, and
p+ c2 ≥ 1− x. The first condition is satisfied if y(1 + (t− 1)2p) ≥ p, since then:
c0 + c2 ≥ tc0 + c2
≥ y(1 + (t− 1)2p)
≥ p
The second condition is satisfied if y(1 + (t− 1)2p) ≥ 2tp+ 1− x− p, since then:
2tp+ c2 ≥ tc0 + c2
≥ y(1 + (t− 1)2p)
≥ 2tp + 1− x− p
So it follows that these two condition are true if there exists 0 ≤ t ≤ 1 such that:
2py + p− y
2py
≤ t ≤ y − 2py + x+ p− 1
2p(1− y)
Again, if the lower bound is at most the upper bound, the upper bound is at least 0, and the lower
bound is at most 1, then there will exist such a t ∈ [0, 1]. Now, note:
2py + p− y
2py
≤ 1⇔ p ≤ y
and the upper bound being at least zero is equivalent to:
x+ y ≥ 1− p(1− 2y)
and the lower bound being at most the upper bound simplifies to p ≤ xy. This means we want the
three following conditions to hold:
p ≤ y
p ≤ xy
x+ y ≥ 1− p(1− 2y)
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The first two condition are implied by p < xy, and the third is equivalent to
y(1− x− y)
1− 3y ≥ 0
which is true since x+ y ≤ 1 and y < 1/3.
Now, choose X3 ⊂ N(V3) such that |X3| = q|B|. Then, choose v4 ∈ C with at least y(1− 3p)|B|
neighbors in B \ (X1 ∪X2 ∪X3). Then for all 1 ≤ i ≤ 3 we have:
|Xi ∪N(v4)| ≥ (p+ y(1− 3p))|B| ≥ (1− x)|B|
by the definition of p. It follows that the union of the second-neighborhoods in A of every pair of
the vi is equal to A, and consequently that every vertex in A is a second-neighbor of at least three
of the vi, and thus one of the vi has at least 3|A|/4 second-neighbors in A, as desired. This proves
3.8.
3.9 We have:
• ψ(x, y) < 3/4 if 1/7 ≤ y ≤ 1/6 and x+ 2y ≤ 1;
• ψ(x, y) < 3/4 if 1/7 ≤ x ≤ 1/6 and 2x+ y ≤ 1;
• ψ(x, y) < 3/4 if 0 ≤ x ≤ 1/7 and x+ 4y ≤ 3, and x+ 4y < 3 if x or y is irrational;
• ψ(x, y) < 3/4 if 5/7 ≤ x ≤ 13/19 and x+ 3y ≤ 1;
Proof. The first bullet follows from applying the strict inequality version of 2.10 with z = 3/4 to
the point (3/5, 1/5), which has φ(3/5, 1/5) = 3/5. The second bullet follows from applying the strict
inequality version of 2.11 with z = 3/4 to the points from the first bullet of 2.3. The third bullet
follows from applying the strict inequality version of 2.11 with z = 3/4 to the points from the second
bullet of 2.3. Finally, the fourth bullet follows from applying the strict inequality version of 2.10
with z = 3/4 to the points from the third bullet of 2.3. This proves 3.9.
3.10 If y ≤ 1/3 and
x
1− x +
y
1− 3y ≤ 3
then φ(x, y) < 3/4.
Proof. Apply 2.9 with z = 3/4 to 2.4. This proves 3.10.
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Figure 2: When ψ(x, y) < 2/5 and when φ(x, y) < 2/5.
4 The 2/5 Level
Next, we analyze when ψ ≥ 2/5, and similarly for φ. The results are shown in Figure 2.
4.1 Suppose x ≥ 1/5, y > 1/3, and 3y − 2y2 > 1− x; then ψ(x, y) ≥ 2/5.
Proof. We may assume x, y ∈ Q, and that y|B| ∈ Z. Let v1 ∈ C, and let A1 = N2A(v1). If every
v ∈ C has a common neighbor with v1 in B, then choose v ∈ C with at least y|A \ A1| > 3y|A|/5
neighbors in A \ A1. Then
|N2A(v)| > 3y|A|/5 + x|A| > 2|A|/5
since x ≥ 1/5, y > 1/3. Thus, we can assume there exists v2 ∈ C such that |N(v1) ∩ N(v2)| = 0.
Choose Bi ⊆ N(vi) such that |Bi| = y|B|. Then choose v3 ∈ C with at least y(1− 2y)|B| neighbors
in B \ (B1 ∪B2). Then by assumption it follows that |N(v1) ∪N(v2) ∪N(v3)| > (1− x)|B|.
Thus, if Ai = N
2
A(vi), we have that A = A1 ∪A2 ∪A3. Since y > 1/3, without loss of generality
we have |N(v1) ∩N(v2)| 6= 0, which implies that |A1 ∩A2| ≥ x|A| ≥ |A|/5. But then we have
|A1|+ |A2|+ |A3| ≥ |A1 ∪A2 ∪A3|+ |A1 ∩A2| ≥ |A|+ |A|/5 = 6|A|/5
and thus we have |Ai| ≥ 2|A|/5 for some i. This proves 4.1.
4.2 Suppose x > 1/3, x+3y > 1, and either y ≥ 1/4 or x+y/(10(1−2y)) ≥ 2/5; then ψ(x, y) ≥ 2/5.
Proof. Let v1 ∈ C, and let A1 = N2A(v1). If every vertex in C shares a neighbor with v1 in B, then
choose w ∈ B \N(v1) with more than 3|A|x/(5(1 − y)) neighbors in A \A1. Let v be a neighbor of
w in C. Then
|N2A(v)| > x|A|+
3x|A|
5(1 − y) >
(
x+
9x
5(x+ 2)
)
|A| > 2|A|/5
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since x > 1/3. So let v2 ∈ C be such that |N(v1) ∩ N(v2)| = 0. If every v ∈ C has a common
neighbor in B with at least one of v1, v2, then let Ai = N
2
A(vi), and choose w ∈ B \ (N(v1) ∪N(v2))
with more than x|A|/(5(1 − y)) neighbors in A \ (A1 ∪A2). Let v ∈ C be a neighbor of w. Then
|N2A(v)| > x|A|+
x|A|
5(1 − y) >
(
x+
3x
5(x+ 2)
)
|A| > 2|A|/5
since x > 1/3.
So let v3 ∈ C be such that N(v1), N(v2), N(v3) are pairwise disjoint. If there exists v4 ∈ C such
that N(v4) is disjoint from N(v1)∪N(v2)∪N(v3), then since x+3y > 1 it follows that every v ∈ A is
a second-neighbor of at least two of the vi, so by averaging one of the vi has at least |A|/2 > 2|A|/5
second-neighbors in A. Thus, we can assume that every v4 ∈ C has a common neighbor with at least
one of v1, v2, v3. Now, let Ai = N
2
A(vi). Then we have A = A1 ∪ A2 ∪ A3, and it follows that the
pairwise unions of the Ai each have size less than |A|/5, since
6|A|/5 > |A1|+ |A2|+ |A3| ≥ |A1 ∪A2 ∪A3|+ |Ai ∪Aj | = |A|+ |Ai ∪Aj |
for i 6= j. Then if v4 shares a common neighbor with vi and vj , we have
|N2A(v4)| > (2x− 1/5)|A| > (2/3 − 1/5)|A| > 2|A|/5
So we can assume that every v4 ∈ C has a common neighbor with exactly one of v1, v2, v3. This
implies that there are three connected components of (B,C), which are furthermore complete. Let
these components be H1,H2,H3, and let Bi = B ∩Hi, Ci = C ∩Hi. Then without loss of generality,
|B3| ≤ |B|/3, so every vertex v ∈ A has a neighbor in either B1 or B2. Let bi be such that bi|B| = |Bi|,
and ci such that ci|C| = |Ci|. Suppose that a vertex v ∈ A has at most (bi − y)|B| neighbors in Bi
for all 1 ≤ i ≤ 3. Then v has at most (1− 3y)|B| < x|B| neighbors in B, a contradiction. It follows
that every vertex v ∈ A has more than (bi−y)|B| neighbors in Bi for at least one i, and consequently
that v is complete to Ci for some i (complete in the sense that v is a second-neighbor of every vertex
in Ci).
Now, if x+ y/(10(1− 2y)) ≥ 3/4, then without loss of generality at least |A|/2 vertices in A have
a neighbor in B1. Then at least |A|/10 vertices in A \A1 have a neighbor in B1 and thus hit at least
fraction y/(1 − 2y) of the vertices in A1, so there exists v ∈ A1 with more than y|A|/(10(1 − 2y))
neighbors in A \ A1. Then
|N2A(v)| > x|A|+ y|A|/(10(1 − 2y)) ≥ 3|A|/4
So suppose x + y/(10(1 − 2y)) < 3/4, and thus y ≥ 1/4. Now, partition A = A∗1 ∪ A∗2 ∪ A∗3
such that v ∈ A∗i has more than (bi − y)|B| neighbors in Bi, and let a∗i be such that a∗i |A| = A∗i .
Then a∗3 < 2|A|/5. Let A1, A2 ⊆ A∗3 be the sets of vertices in A∗3 with a neighbor in B1 and B2,
respectively, and let ai = |Ai|/|A|. Then every vertex in Ai sees at least fraction y/ci of the vertices
in Ci, so there exists a vertex v ∈ Ci with at least yai/ci neighbors in Ai. It follows that for i = 1, 2
a∗i + y
ai
ci
< 2/5
Summing these inequalities gives
a∗1 + a
∗
2 + y
(
a1
c1
+
a2
c2
)
< 4/5
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and since ci ≤ 1− 2y we have
4/5 > a∗1 + a
∗
2 + (a1 + a2)
y
1− 2y = a
∗
1 + a
∗
2 +
y
1− 2ya
∗
3 >
3
5
+
2y
5(1 − 2y)
which gives y < 1/4, a contradiction. This proves 4.2.
4.3 Suppose 12x2y ≥ 5(1 − x− y)2; then φ(x, y) ≥ 2/5.
Proof. Suppose not. Then φ(x, y) = 1 − (3/5 + ǫ) for some ǫ > 0, so by rotating we have
φ(x, 3/5 + ǫ) ≤ 1− y. But 2.2 gives φ(x, 3/5 + ǫ) > 1− y, a contradiction. This proves 4.3.
4.4 Suppose x > 1/3 and y ≥ (5−√3)/11; then φ(x, y) ≥ 2/5.
Suppose not. Then φ(x, y) = 1−(3/5+ǫ) for some ǫ > 0, so by rotating we have φ(3/5+ǫ, y) ≤ 1−x <
2/3, but 2.8 gives that 3/5 ≥ (1 − y)2/(1 − 2y2) implies that φ(3/5 + ǫ, y) ≥ 2/3, a contradiction,
since 3/5 ≥ (1− y)2/(1− 2y2) is equivalent to y ≥ (5−√3)/11. This proves 4.4.
4.5 Suppose 5x/2 + y ≤ 1 and x ≥ 1/3, or that x+ 5y/2 ≤ 1 and y ≥ 1/3; then ψ(x, y) < 2/5.
Proof. Apply 2.12 with a/b = 2/5. This proves 4.5.
4.6 Suppose y ≤ 1/3 and x/(1− 2x) + y/(1− 3y) ≤ 2; then φ(x, y) < 2/5.
Proof. Apply 2.6 to 2.4. This proves 4.6.
5 The 3/5 Level
Next, we analyze when ψ ≥ 3/5, and similarly for φ. The results are shown in the Figure 3.
5.1 Suppose y > 1/2, x ≥ 1/5, and
2y − y
2(3− 5x)
3(1− x) > 1− x
Then ψ(x, y) ≥ 3/5.
Proof. Suppose not. Let G be (x, y)-biconstrained via (A,B,C) such that for all v ∈ C, |N2A(v)| <
3|A|/5. Then by averaging, there exists w ∈ A such that |N2C(w)| < 3|C|/5. We can assume x, y
are rational, and by blowing up vertices if necessary, we can assume that both x|B| and |C|/5 are
integers. Choose B1 ⊆ N(w) such that |B1| = x|B|, and choose C1 ⊆ C such that N2C(w) ⊆ C1 and
|C1| = 3|C|/5.
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Figure 3: When ψ(x, y) < 3/5 and when φ(x, y) < 3/5.
Now, choose v1 ∈ C1 and v2 ∈ C \ C1 at random. We compute the expectation of S = |N(v1) ∪
N(v2)|. Let t = 2/5. For u ∈ B1, u has at least y|C| neighbors in C1, so the probability it is in S is
at least y/(1− t). For u ∈ B \B1, let d(u)|C| = |N(u) ∩ (C \ C1)|. Then the probability that u is a
neighbor of v2 is d(u)/t, and the probability that u is a neighbor of v1 is at least (y − d(u))/(1 − t).
Thus the expectation of |S| is at least:
 ∑
u∈B\B1
d(u)
t
+
y − d(u)
1− t −
d(u)(y − d(u))
t(1− t)

+ ∑
u∈B1
y
1− t
I claim this quantity is more than (1 − x)|B|. Note that each vertex v ∈ C \ C1 has at least y|B|
neighbors in B \B1, so it follows that ∑
u∈B\B1
d(u) = qt|C|
where q ≥ y. Thus, this claim is equivalent to:
qt|B|(1− 2t− y) +

 ∑
u∈B\B1
d(u)2

+ yt|B| > t(1− t)(1− x)|B|
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Now, since
∑
u∈B\B1
d(u) = qt|B| and |B \ B1| = (1 − x)|B|, it follows by Cauchy-Schwarz that∑
u∈B\B1
d(v)2 ≥ q2t2|B|/(1 − x). Thus to show the expectation of S is greater than (1 − x)|B| it
suffices to show:
tq(1− 2t− y) + q
2t2
1− x + yt > t(1− t)(1− x)
Remembering that t = 2/5, this is:
2(1 − 5y)q + 4q
2
(1− x) + 10y > 6(1 − x)
and the derivative of the left-hand side with respect to q is
2(1 − 5y) + 8q
1− x ≥ 2(1− 5y) +
8y
4/5
= 2 > 0
for q ≥ y. It follows that the left-hand side is minimized when q = y, so it suffices to show
2(1 − 5y)y + 4y
2
1− x + 10y > 6(1− x)
which is equivalent to the assumption. Thus, there exist v1, v2 ∈ C such that |N(v1) ∪ N(v2)| >
(1−x)|B|. Then if Ai = N2A(vi), we have A = A1∪A2, and since y > 1/2 we have N(v1)∩N(v2) 6= ∅,
and consequently |A1 ∩A2| ≥ x|A| ≥ |A|/5. Then
|A1|+ |A2| = |A1 ∪A2|+ |A1 ∩A2| ≥ 6|A|/5
so we have |Ai| ≥ 3|A|/5 for some i, as desired. This proves 5.1.
5.2 Suppose x > 1/2 and x+ 2y > 1. Then ψ(x, y) ≥ 3/5.
Proof. Let G be (x, y)-biconstrained via (A,B,C). Let the graph H have V (H) = V (C) and
(uv) ∈ E(H) if and only if u and v have a common neighbor in B. If there exists a stable set
{v1, v2, v3} of size three in H, then every vertex v ∈ A is a second-neighbor of at least two of the vi,
so by averaging one of the vi has at least 2|A|/3 > 3|A|/5 second-neighbors in A, and we are done.
So we can suppose there is no stable set of size three in H. Take v1 ∈ C, and suppose every
v2 ∈ C has |N(v1) ∩ N(v2)| 6= 0. Let B1 = N(v1), A1 = N2A(v1). We can assume |A1| < 3|A|/5.
Then choose w ∈ B \B1 such that w has at least x|A \ A1|/(1 − y) > 2x|A|/(5(1 − y)) neighbors in
A \ A1. Let v2 ∈ C be a neighbor of w. Then
|N2A(v2)| > x|A|+ 2x|A|/(5(1 − y)) >
(
x+
4x
5(x+ 1)
)
|A| ≥ 3|A|/5
since x > 1/2.
So there exists v2 ∈ C such that |N(v1)∩N(v2)| = 0. Since there is no stable set of size three in
H, every vertex v3 ∈ C shares a neighbor with at least one of v1, v2. Furthermore, since x+ 2y > 1,
letting Ai = N
2
A(vi), we have A = A1∪A2, so since |Ai| < 3|A|/5, we have |A1∩A2| < |A|/5. Then, if
some v3 ∈ C shares a neighbor with both v1 and v2, it follows that |N2A(v3)| > 2x|A|−|A|/5 > 4|A|/5,
a contradiction.
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Thus, every vertex v3 ∈ C shares a neighbor with exactly one of v1 and v2. It follows that
there are exactly two connected components of the bipartite graph (B,C). Let these components be
H1,H2, and let Bi = B∩Hi, Ci = C∩Hi. Then without loss of generality we have |B1| ≥ |B|/2. We
have |Ci| ≥ y|C|, and thus |Ci| ≤ (1− y)|C|. It follows that every vertex v ∈ A \ A1 has a neighbor
in B1 and consequently hits at least fraction y/(1 − y) of the vertices in C1, so there exists w ∈ C1
with more than 2|A|y/(5(1 − y)) neighbors in A \A1. Then, w and v1 share a common neighbor, so
|N2A(w)| >
2y|A|
5(1 − y) + x|A| >
(
2y
5(1− y) + (1− 2y)
)
|A| ≥ 3|A|/5
since the last inequality is equivalent to 5y2 − 5y + 1 ≥ 0 which is true for 0 ≤ y ≤ 1/4. This proves
the claim for x + 2y > 1, x > 1/2, 0 ≤ y ≤ 1/4, which implies the claim for x + 2y > 1, x > 1/2.
This proves 5.2.
5.3 Suppose y > 1/2 and 40x2y ≥ (3− 5x)2. Then φ(x, y) ≥ 3/5.
Proof. Apply 2.2 with z = 3/5. This proves 5.3.
5.4 We have:
• ψ(x, y) < 3/5 if 1/7 ≤ y ≤ 1/6 and x+ 3y ≤ 1;
• ψ(x, y) < 3/5 if 1/7 ≤ x ≤ 1/6 and 3x+ y ≤ 1, with 3x+ y < 1 if x or y is irrational.
Proof. The first bullet follows from applying the strict inequality version of 2.10 with z = 3/5 to
the point (1/4, 1/4).
For the second bullet, apply the strict inequality version of 2.11 with z = 3/5 to the set of points
3x + y = 1, for 1/4 ≤ x ≤ 5/18 with x, y rational (this suffices since if x or y is irrational, just
increase them slightly so that they are rational). This proves 5.4.
5.5 Suppose y < 1/3 and 1−x2−3x +
y
1−3y ≤ 2, with strict inequality if x or y is irrational; then
φ(x, y) < 3/5.
Proof. We can assume x, y ∈ Q. By 2.5 for k = 2, we know that if y < 1/2, x < 1/2, and
x
1−2x +
y
1−2y ≤ 1 then φ(x, y) < 1/3. Then applying 2.9 for z = 3/5 gives that if y < 1/3 and
2x− 1
2− 3x +
y
1− 3y ≤ 1
then φ(x, y) < 3/5. This is equivalent to the assumption. This proves 5.5.
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